On Certain Monomial Sequences by Tang, Zhongming
ar
X
iv
:m
at
h/
04
12
05
5v
1 
 [m
ath
.A
C]
  2
 D
ec
 20
04
ON CERTAIN MONOMIAL SEQUENCES
ZHONGMING TANG
Abstract. We give equivalent conditions for a monomial sequence to be a d-
sequence or a proper sequence, and a sufficient condition for a monomial sequence
to be an s-sequence in order to compute invariants of the symmetric algebra of
the ideal generated by it.
1. Introduction
d-Sequences, proper sequences and s-sequences are three kind sequences related to
symmetric algebras. Firstly, let us recall their definitions. Let R be a commutative
Noetherian ring and a1, . . . , an ∈ R. We say that a1, . . . , an is a d-sequence if
a1, . . . , an is a minimal generating set of the ideal (a1, . . . , an) and
(a1, . . . , ai) : ai+1ak = (a1, . . . , ai) : ak, i = 0, . . . , n− 1, k ≥ i+ 1,
cf., [4]. Proper sequences were introduced in [3]. a1, . . . , an is called a proper se-
quence if
ai+1Hj(a1, . . . , ai;R) = 0, i = 0, . . . , n− 1, j > 0,
where Hj(a1, . . . , ai;R) denotes the j-th Koszul homology of a1, . . . , ai. It is shown
in [6] that a1, . . . , an is a proper sequence if and only if ai+1H1(a1, . . . , ai;R) = 0,
i = 0, . . . , n − 1. We will use this condition as an equivalent definition of proper
sequences. Recently, a new sequence, so-called s-sequence, was introduced in [2] to
study symmetric algebras. Let M = (f1, . . . , fn) be a finitely generated R-module
with relation matrix (aij)m×n. Then
Sym(M) = R[y1, . . . , yn]/J,
where J = (g1, . . . , gm) and gi =
∑n
j=1 aijyj, i = 1, . . . , m. Let < be a monomial
order on the monomials in y1, . . . , yn with the property y1 < · · · < yn. Set Ii =
(f1, . . . , fi−1) : fi. Then (I1y1, . . . , Inyn) ⊆ in<(J). We call f1, . . . , fn an s-sequence
(with respect to <) if
in<(J) = (I1y1, . . . , Inyn).
If, in addition I1 ⊆ · · · ⊆ In, then f1, . . . , fn is called a strong s-sequence.
In this paper, we consider monomial d-sequences, proper sequences and s-sequences.
Throughout let R = K[x1, . . . , xm] be a polynomial ring, where K is a field.
In the monomial case, s-sequences can be characterized by Gro¨bner bases. Let
f1, . . . , fn ∈ R be monomials. For any i 6= j, denote the greatest common divisor of
fi and fj by [fi, fj] and set fij =
fi
[fi,fj ]
. Then J is generated by gij := fijyj − fjiyi,
1 ≤ i < j ≤ n, and f1, . . . , fn is an s-sequence if and only if gij, 1 ≤ i < j ≤ n, form
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a Gro¨bner basis with respect to some monomial order < such that y1 < · · · < yn
and xi < yj for any i, j, cf.,[2]. In the following, we will assume such an order.
In sections 2 and 3, we will characterize monomial d-sequences and proper se-
quences. Let f1, . . . , fn be a minimal monomial sequence. We show that f1, . . . , fn
is a d-sequence if and only if [fi, fj ] | fk, for all i < j < k, and [fi, fj] = [fi, f
2
j ],
for all i < j, while for f1, . . . , fn to be a proper sequence it is equivalent to that
[fi, fj ] | fk, for all i < j < k. Section 4 is devoted to discuss monomial s-sequences.
In [2], a first sufficient condition is given. In this paper we introduce other sufficient
conditions. In particular we study the condition [fi, fj] | fk, for any i < j < k. For
this sequence, very strong properties of the annihilator ideals follow, in particular to
be a strong s-sequence. We give a sufficient condition for a monomial sequence to be
an s-sequence which is satisfied by strong s-sequences and show that this condition is
also necessary in the case the sequence is squarefree and has 4 elements. Finally, we
deduce some properties of the symmetric algebra of an ideal generated by a strong
monomial s-sequence.
2. Monomial d-Sequences
In this section, we will give a characterization of monomial d-sequence.
Let f1, . . . , fn ∈ R be a monomial sequence. We say that f1, . . . , fn is minimal if
it is a minimal generating set of the ideal (f1, . . . , fn), which is equivalent to that
there is no i 6= j such that fi | fj.
By definition, f1, . . . , fn is a d-sequence if and only if
(f1, . . . , fi) : fi+1fk = (f1, . . . , fi) : fk, i = 1, . . . , n− 1, k ≥ i+ 1.
Note that, for any monomial sequence g1, . . . , gm, gm+1 ∈ R, (g1, . . . , gm) : gm+1 =
( g1
[g1,gm+1]
, . . . , gm
[gm,gm+1]
). Then f1, . . . , fn is a d-sequence if and only if(
f1
[f1, fi+1fk]
, . . . ,
fi
[fi, fi+1fk]
)
=
(
f1
[f1, fk]
, . . . ,
fi
[fi, fk]
)
, i = 1, . . . , n−1, k ≥ i+1.
The sufficient part of the following theorem is observed in [3], in which it is shown
that, when [fi, fj] = [fi, f
2
j ] for all i < j, f1, . . . , fn is a d-sequence if and only if
[fi, fj ] | fk for all i < j < k.
Theorem 2.1. Let f1, . . . , fn be a monomial sequence. Then f1, . . . , fn is a d-
sequence if and only if there is no i 6= j such that fi | fj and
[fi, fj] | fk, 1 ≤ i < j < k ≤ n,
[fi, fj] = [fi, f
2
j ], 1 ≤ i < j ≤ n.
Proof . Note that, for any j ≤ i, [fj, fi+1fk] = [fj, fk] holds if k = i + 1 and
[fj , fk] = [fj, f
2
k ], or if k > i + 1, [fj , f
2
k ] = [fj , fk] and [fj , fi+1fk] | [fj , f
2
k ] which is
satisfied if [fj, fi+1] | fk. Then the sufficient part follows.
Now we show the necessary part. We use induction on n. When n = 2, from
( f1
[f1,f22 ]
) = ( f1
[f1,f2]
) we see immediately that [f1, f2] = [f1, f
2
2 ]. Assume that n > 2
and the result is true for n − 1, thus [fi, fj] | fk for all i < j < k ≤ n − 1 and
[fi, fj ] = [fi, f
2
j ] for all i < j ≤ n− 1. We are going to show that [fi, fj ] | fn for all
i < j ≤ n− 1 and [fi, fn] = [fi, f
2
n] for all i ≤ n− 1.
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We first use induction on j to show that [fi, fj ] | fn for all i < j ≤ n− 1. When
j = 2, from ( f1
[f1,f2fn]
) = ( f1
[f1,fn]
) we have [f1, fn] = [f1, f2fn], but [f1, f2] | [f1, f2fn],
hence [f1, f2] | [f1, fn], so [f1, f2] | fn. Now assume that j > 2. For any i < j ≤ n−1,
from (
f1
[f1, fjfn]
, . . . ,
fj−1
[fj−1, fjfn]
)
=
(
f1
[f1, fn]
, . . . ,
fj−1
[fj−1, fn]
)
,
we have
fi
[fi, fjfn]
∈
(
f1
[f1, fn]
, . . . ,
fj−1
[fj−1, fn]
)
.
Then fk
[fk,fn]
| fi
[fi,fjfn]
for some k ≤ j − 1. We claim that k = i. If k 6= i, then,
by induction hypothesis on n, [fk, fi] | fj , thus [fk, fi] | [fi, fjfn]. By induction
hypothesis on j, [fk, fi] | [fk, fn], hence
fk
[fk,fn]
and fi
[fi,fjfn]
are coprime. Then fk
[fk,fn]
=
1, hence fk | fn, a contradiction. Hence
fi
[fi,fn]
| fi
[fi,fjfn]
, thus [fi, fjfn] | [fi, fn], but
[fi, fj ] | [fi, fjfn], we have [fi, fj] | fn, as required.
Now we show that [fi, fn] = [fi, f
2
n] for all i ≤ n− 1. From(
f1
[f1, f 2n]
, . . . ,
fn−1
[fn−1, f 2n]
)
=
(
f1
[f1, fn]
, . . . ,
fn−1
[fn−1, fn]
)
,
we have
fi
[fi, f 2n]
∈
(
f1
[f1, fn]
, . . . ,
fn−1
[fn−1, fn]
)
.
Then there exists some k ≤ n−1 such that fk
[fk,fn]
| fi
[fi,f2n]
. We claim again that k = i.
If k 6= i, then, as [fk, fi] | fn, we have [fk, fi] | [fk, fn] and also [fk, fi] | [fi, f
2
n], hence
fk
[fk,fn]
and fi
[fi,f2n]
are coprime. Then fk
[fk,fn]
= 1, so fk | fn, a contradiction. Hence
fi
[fi,fn]
| fi
[fi,f2n]
, thus [fi, f
2
n] | [fi, fn], so [fi, fn] = [fi, f
2
n]. The proof is complete. ✷
We have immediately from 2.1 the following
Corollary 2.2. Let f1, . . . , fn be a monomial sequence. If f1, . . . , fn is a d-sequence,
then any subsequence of f1, . . . , fn is also a d-sequence.
3. Monomial Proper Sequences
Let f1, . . . , fn be a monomial sequence. Define homomorphisms d1 and d2 as
follows
d1 :
n⊕
i=1
Rei −→ R
ei 7→ fi,
d2 :
⊕
1≤i<j≤n
Reij −→
n⊕
i=1
Rei
eij 7→ fjei − fiej .
Then
H1(f1, . . . , fn;R) = Ker(d1)/Im(d2),
and
Ker(d1) = (fijej − fjiei : 1 ≤ i < j ≤ n).
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The following theorem gives a characterization of monomial proper sequences.
Theorem 3.1. Let f1, . . . , fn be a minimal monomial sequence. Then f1, . . . , fn is
a proper sequence if and only if
[fi, fj] | fk, for all 1 ≤ i < j < k ≤ n.
Proof . Let d1 and d2 be defined as above. Note that, for r = 2, . . . , n− 1, to show
that fr+1H1(f1, . . . , fr;R) = 0 is equivalent to prove that
fr+1(fijej − fjiei) ∈ Im(d2), for all i < j ≤ r.
Suppose that [fi, fj ] | fk, for all i < j < k. Then, for r = 2, . . . , n − 1 and any
i < j ≤ r,
fr+1(fijej − fjiei) =
fr+1
[fi, fj]
(fiej − fjei)
= d2(−
fr+1
[fi, fj]
eij) ∈ Im(d2).
Thus f1, . . . , fn is a proper sequence.
Conversely, assume that f1, . . . , fn is a proper sequence. We use induction on
2 ≤ r ≤ n− 1 to show that
[fi, fj] | fr+1, for all i < j ≤ r.
Let r = 2. By f3(f12e2 − f21e1) ∈ Im(d2), we have that f3(f12e2 − f21e1) =
r(f2e1 − f1e2) for some r ∈ R. Then f3f12 = −rf1, hence f3 = −r[f1, f2], so,
[f1, f2] | f3.
Now assume that r ≥ 3 and [fi, fj] | fk for all i < j < k ≤ r, let us show that
[fi, fj ] | fr+1 for all i < j ≤ r. By assumption, for any i < j ≤ r, fr+1(fjiei−fijej) ∈
Im(d2), we see that
fr+1fij ∈ (f1, . . . , f̂j , . . . , fr).
Note that, if [fi, fj] ∤ fr+1, then fi ∤ fr+1fij , hence fr+1fij ∈ (f1, . . . , f̂i, . . . , f̂j , . . . , fr).
Since, for any 1 ≤ i, j ≤ r, [fi, fj] | [fi, fr], we only need to show that [fi, fr] | fr+1,
i = 1, . . . , r − 1.
Assume the contrary. Then there exists s ≥ 1 and 1 ≤ k1 < · · · < ks ≤ r− 1 such
that
[fki, fr] ∤ fr+1, i = 1, . . . , s,
and
[fj , fr] | fr+1, j 6= k1, . . . , ks.
As [fki, fr] ∤ fr+1, we have that fr+1fki,r ∈ (f1, . . . , f̂ki, . . . , fr−1). For any j 6=
k1, . . . , ks, we claim that fj ∤ fr+1fki,r. If fj | fr+1fki,r, then, as [fj , fki] | fr+1, fj,ki |
fr+1
[fj ,fki ]
fki,r, but [fj,ki, fki,r] = 1, hence fj,ki |
fr+1
[fj ,fki ]
, thus fj | fr+1, a contradiction.
Hence fj ∤ fr+1fki,r for all j 6= k1, . . . , ks. Thus
fr+1fki,r ∈ (fk1, . . . , f̂ki, . . . , fks), i = 1, . . . , s.
Note that s ≥ 2. Let ℓ1 = 1. Then there exists ℓ2 6= ℓ1 such that fkℓ2 | fr+1fkℓ1 ,r
and there exists ℓ3 6= ℓ2 such that fkℓ3 | fr+1fkℓ2 ,r, here it is possible that ℓ3 = ℓ1.
Note that [fkℓ2 , fkℓ3 ] ∤ fr+1, otherwise, by fkℓ3 | fr+1fkℓ2 ,r we have that fkℓ3 ,kℓ2 |
4
fr+1
[fkℓ3
,fkℓ2
]
fkℓ2 ,r, but [fkℓ3 ,kℓ2 , fkℓ2 ,r] = 1, hence fℓ3 | fr+1, a contradiction. On the
other hand, since [fkℓ1 , fkℓ2 ] | [fkℓ1 , fr] and also [fkℓ1 , fkℓ2 ] | [fkℓ2 , fr], we have that
fkℓ1 ,r | fkℓ1 ,kℓ2 and fkℓ2 ,r | fkℓ2 ,kℓ1 . Then fkℓ2 | fr+1fkℓ1 ,kℓ2 and fkℓ3 | fr+1fkℓ2 ,kℓ1 . Thus
[fkℓ2 , fkℓ3 ] | fr+1fkℓ1 ,kℓ2 and also [fkℓ2 , fkℓ3 ] | fr+1fkℓ2 ,kℓ1 , but [fkℓ1 ,kℓ2 , fkℓ2 ,kℓ1 ] = 1, we
get that [fkℓ2 , fkℓ3 ] | fr+1, a contradiction. ✷
Let f1, . . . , fn be a monomial d-sequence. Since a d-sequence is a proper sequence,
it follows from 3.1 that [fi, fj] | fk for all i < j < k. This gives another proof of
[fi, fj ] | fk in 2.1.
From 3.1, we have immediately
Corollary 3.2. Let f1, . . . , fn be a minimal monomial sequence. If f1, . . . , fn is a
proper sequence, then any subsequence of f1, . . . , fn is also a proper sequence.
We say a d-sequence (proper sequence) is unconditional if any permutation of it
is also a d-sequence (proper sequence).
Corollary 3.3. Let f1, . . . , fn be a minimal monomial sequence.
(1) f1, . . . , fn is an unconditional proper sequence if and only if there exist mono-
mials d, g1, . . . , gn such that fi = dgi, i = 1, . . . , n, and g1, . . . , gn is a regular
sequence.
(2) f1, . . . , fn is an unconditional d-sequence if and only if there exist monomials
d, g1, . . . , gn such that fi = dgi, [d, gi] = 1, i = 1, . . . , n, and g1, . . . , gn is a
regular sequence.
Proof . (1) By 3.1, f1, . . . , fn is an unconditional proper sequence if and only if
[fi, fj] = [fi, fk] = [fj, fk], i < j < k.
For any i < j, set d = [fi, fj] and gi =
fi
d
. Then [gi, gj] = 1 for all i 6= j, which is
equivalent to that g1, . . . , gn is a regular sequence.
(2) In virtue of 2.1 and 3.1, f1, . . . , fn is an unconditional d-sequence if and only
if it is an unconditional proper sequence and [fi, fj ] = [fi, f
2
j ] for all i < j. Then, by
(1), it is equivalent to that there exist monomials d, g1, . . . , gn such that fi = dgi,
i = 1, . . . , n, g1, . . . , gn is a regular sequence and [dgi, d
2g2j ] = [dgi, dgj], but the latter
identity is equivalent to [d, gi] = 1 when g1, . . . , gn is a regular sequence. ✷
Let f1, . . . , fn be a squarefree minimal monomial sequence. Then [fi, fj ] = [fi, f
2
j ]
holds for any i < j, thus (1) of following corollary is clear from 2.1 and 3.1, but
note that a d-sequence is a proper sequence in general. Let I = (f1, . . . , fn) and f
∗
i
the canonical image of fi in Sym(I). Since f
∗
1 , . . . , f
∗
n is a d-sequence in Sym(I) if
f1, . . . , fn is a d-sequence by [5, Theorem 1.1] and that f
∗
1 , . . . , f
∗
n is a d-sequence in
Sym(I) is equivalent to that f1, . . . , fn is a proper sequence by [6, Theorem 2.2], the
following (2) follows from (1).
Corollary 3.4. Let f1, . . . , fn be a squarefree minimal monomial sequence. Then
(1) f1, . . . , fn is a proper sequence if and only if f1, . . . , fn is a d-sequence.
(2) f1, . . . , fn is a d-sequence if and only if f
∗
1 , . . . , f
∗
n is a d-sequence in Sym(I),
where I = (f1, . . . , fn).
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4. Monomial s-Sequences
Let f1, . . . , fn be a monomial sequence. Proposition 1.7 of [2] states that f1, . . . , fn
is an s-sequence if [fij, fkl] = 1 for all i < j, k < l, i 6= k and j 6= l. The following
theorem also gives a sufficient condition for a monomial sequence to be an s-sequence.
Theorem 4.1. Let f1, . . . , fn be a monomial sequence. For any i < j, k < l, j < l
and k 6= i, suppose that [fij , fkl] = 1 or fjl[fij , fkl] | fklfji, or fki[fij, fkl] | fklfji in
case i > k. Then f1, . . . , fn is an s-sequence.
Proof . For any i < j and k < l, we need to show that all the S-pairs S(gij, gkl)
have standard expressions with zero remainder.
Note that
S(gij, gkl) =
fklfji
[fij , fkl]
yiyl −
flkfij
[fij , fkl]
ykyj.
If i = k, then
S(gij, gkl) = yk(
fklfjk
[fkj, fkl]
yl −
flkfkj
[fkj , fkl]
yj).
As S(gij, gkl) = 0 when yi = fi, yj = fj , yk = fk, and yl = fl, we see that
fklfjk
[fkj ,fkl]
yl −
flkfkj
[fkj ,fkl]
yj is in the first syzygy of fj, fl, thus it is a multiple of gjl. Then
S(gij, gkl) has a standard expression with zero remainder. Similarly, S(gij, gkl) has
a standard expression with zero remainder if j = l.
Now assume that i < j, k < l, i 6= k and j 6= l, and assume that j < l. Then, by
assumption,
fklfji
[fij ,fkl]
is divided by fjl or fkl or fki when i > k. If
fklfji
[fij ,fkl]
is divided by
fjl, then
S(gij, gkl) =
fklfji
fjl[fij , fkl]
yigjl + yj(
fljfklfji
fjl[fij , fkl]
yi −
flkfij
[fij , fkl]
yk),
but
fljfklfji
fjl[fij ,fkl]
yi −
flkfij
[fij ,fkl]
yk is in the first syzygy of fi, fk, so it is a multiple of gik,
hence S(gij, gkl) has a standard expression with zero remainder. Similarly, if
fklfji
[fij ,fkl]
is divided by fkl or fki when i > k, S(gij, gkl) has also a standard expression with
zero remainder. ✷
Note that
fklfji
[fij ,fkl]
is divided by fjl if [fi, fj] | fl. Then we have the following
Corollary 4.2. If, for any i < j < l, k < l, k 6= i, [fij , fkl] = 1 or [fi, fj] | fl, then
f1, . . . , fn is an s-sequence.
Example 4.3. There exist monomial sequences which do not satisfy the sufficient
condition in [2, Proposition 1.7], but satisfy our new sufficient condition. Let f1 =
x1x2x3, f2 = x4x5x6, f3 = x2x3x7 and f4 = x7x8x9. Then [f13, f24] = [f23, f14] = 1,
[f12, f34] = x2x3 but [f1, f2] | f4. Similarly, if we set f1 = x
2
1x
2
3x4, f2 = x1x
3
5,
f3 = x
2
1x
2
4x
2
5 and f4 = x
2
1x3x4x
2
5, then [fij , fkl] = 1 for all i < j, k < l, j < l and k 6= i
but [f12, f34] = x4, and [f1, f2] | f4. Hence, by 4.2, x1x2x3, x4x5x6, x2x3x7, x7x8x9
and x21x
2
3x4, x1x
3
5, x
2
1x
2
4x
2
5, x
2
1x3x4x
2
5 are s-sequences which do not satisfy the sufficient
condition in [2, Proposition 1.7]. Furthermore, the sequence f1 = x2x3x7, f2 =
x1x2x3, f3 = x3x4x5x6x7, f4 = x7x8x9 satisfy all the possibilities of the condition
in 4.1 since [f12, f34] = 1, [f13, f24] = x2, [f1, f3] ∤ f4 but f34[f13, f24] | f24f31, and
[f23, f14] = x2, [f2, f3] ∤ f4 but f12[f23, f14] | f14f32.
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Recall that f1, . . . , fn is a strong s-sequence if it is an s-sequence and I2 ⊆ · · · ⊆ In,
where Ii = (f1, . . . , fi−1) : fi. Note that Ii = (f1i, . . . , fi−1,i).
Proposition 4.4. Let f1, . . . , fn be a monomial sequence.
(1) For any i < j < k, [fi, fj ] | fk if and only if [fik, fjk] = 1.
(2) If [fi, fj] | fk for all i < j < k, then f1i, . . . , fi−1,i is a regular sequence for
i = 2, . . . , n.
(3) If [fi, fj ] | fk for all i < j < k, then I2 ⊆ · · · ⊆ In.
Proof . (1) If [fi, fj] | fk, then [fi, fj] | [fi, fk] and [fi, fj] | [fj , fk], but fik =
fi
[fi,fk]
and fjk =
fj
[fj ,fk]
, we see that [fik, fjk] = 1. Conversely, suppose that [fik, fjk] = 1.
Let [fi, fj] = x
α1
a1
· · ·xαrar . Then, for any 1 ≤ t ≤ r, x
αt
at
| [fi, fk] or x
αt
at
| [fj , fk], hence
xαtat | fk in two cases, it follows that [fi, fj] | fk.
(2) By (1), for any k < l < i, [fki, fli] = 1, thus f1i, . . . , fi−1,i is a regular sequence.
(3) For any i < j < k, by assumption, [fi, fj] | [fi, fk], hence fik | fij. Then
Ij ⊆ Ik, the result follows. ✷
By 4.2 and 4.4(3), we have
Corollary 4.5. If [fi, fj] | fl for all i < j < l, then f1, . . . , fn is a strong s-sequence.
Note that, since f1, . . . , fn is a proper sequence if and only if it is a strong s-
sequence (see [2]), we can also get the above corollary from 3.1 observing that we
need not to assume that f1, . . . , fn is minimal in the sufficient part of 3.1.
For the sequence f1 = x1x2x3, f2 = x4x5x6, f3 = x2x3x7, f4 = x7x8x9 in 4.3, since
[f1, f3] ∤ f4, f1, f2, f3, f4 is an s-sequence but not strong.
The following proposition states that a squarefree minimal monomial sequence is
an s-sequence if it is ‘strong’.
Proposition 4.6. Let f1, . . . , fn be a squarefree minimal monomial sequence. If
I2 ⊆ · · · ⊆ In, then [fi, fj ] | fk for all i < j < k.
Proof . By induction on n. When n = 3, by I2 = (f12) ⊆ I3 = (f13, f23), we have
f12 ∈ (f13, f23). Then f13 | f12 or f23 | f12. If f13 | f12 then [f1, f2] | [f1, f3], hence
[f1, f2] | f3, thus it is enough to show that f23 ∤ f12. Assume that f23 | f12. Then
f2 | f12[f2, f3], but [f2, f12] = 1 as f1, f2 are squarefree, we have f2 | [f2, f3], hence
f2 | f3, a contradiction.
Now assume that n > 3 and [fi, fj] | fk for all i < j < k < n. Let us show that
[fi, fj ] | fn for any i < j < n. Note that we may assume that j = n − 1, since if
j < n− 1 then by [fi, fj] | fn−1 we obtain that [fi, fj] | [fi, fn−1]. By assumption
In−1 = (f1,n−1, . . . , fn−2,n−1) ⊆ In = (f1n, . . . , fn−1,n),
we have fi,n−1 ∈ (f1n, . . . , fn−1,n), hence fi,n−1 is divided by some fjn, 1 ≤ j ≤ n−1.
If fin | fi,n−1, then [fi, fn−1] | [fi, fn], hence [fi, fn−1] | fn. Thus it is enough to
show that fjn ∤ fi,n−1 for any j 6= i, j ≤ n − 1. Suppose that fjn | fi,n−1 then
fj [fi, fn−1] | fi[fj , fn]. As j ≤ n− 1 and i < n− 1, by induction hypothesis we have
[fi, fj ] | fn−1. Then [fi, fj ] | [fi, fn−1], thus fj [fi, fj ] | fi[fj , fn], i.e., fj | fij [fj, fn],
but [fj , fij] = 1 as fi, fj are squarefree, hence fj | [fj , fn], so, fj | fn, a contradiction.
✷
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Proposition 4.7. The condition in 4.1 is necessary if n = 4 and the sequence is
squarefree.
Proof . Suppose that f1, f2, f3, f4 is a squarefree s-sequence. Let us show that
[fij , fkl] = 1 or
fklfji
[fij ,fkl]
is divided by fjl or fki in case i > k by S(gij, gkl) has a
standard expression with zero remainder.
First note that [fij , fjl] = 1 as f1, f2, f3, f4 are squarefree. Thus it is enough
to consider (i, j, k, l) is one of (1, 2, 3, 4), (1, 3, 2, 4) and (2, 3, 1, 4). We need to
show that [f12, f34] = 1 or f24[f12, f34] | f21f34 in the first case, [f13, f24] = 1 or
f34[f13, f24] | f31f24 in the second case and [f14, f23] = 1 or f34[f14, f23] | f32f14 or
f12[f14, f23] | f32f14 in the third case. We will give the proof of the first case and
omit the similar proofs of the second and third cases. The following arguments do
not depend on the assumption that the sequence is squarefree.
Note that, to get a standard expression of S(gij, gkl) is equivalent to find some
gst whose initial term divides the initial term of S(gij, gkl) and substitute a proper
multiple of gst such that the remaindered polynomial has smaller initial term, then
do the same for this polynomial and so on.
Suppose that S(g12, g34) has a standard expression with zero remainder. Then the
initial term of
S(g12, g34) =
f21f34
[f12, f34]
y1y4 −
f12f43
[f12, f34]
y2y3
is divided by the initial term of g34 or g24 or g14, i.e.,
f21f34
[f12,f34]
is divided by f34 or f24
or f14. In the first case, we have [f12, f34] = 1. Now assume that the third case, then
S(g12, g34) =
f21f34f41
f14[f12, f34]
y21 −
f12f43
[f12, f34]
y2y3 +
f21f34
f14[f12, f34]
y1g14.
Thus f12f43
[f12,f34]
y2y3 should be divided by the initial term of g12 or g13 or g23, i.e.,
f12f43
[f12,f34]
is divided by f12 or f13 or f23. In the first case, we have [f12, f34] = 1. In the second
case, from the first equality of S(g12, g34), we have
S(g12, g34) = y1(
f21f34
[f12, f34]
y4 −
f12f43f31
f13[f12, f34]
y2)−
f12f43
f13[f12, f34]
y2g13.
As f21f34
[f12,f34]
y4 −
f12f43f31
f13[f12,f34]
y2 is in the first syzygy of f4, f2, we have that
f21f34
[f12,f34]
is
divided by f24. Finally, assume that
f12f43
[f12,f34]
is divided by f23. Then
S(g12, g34) =
f21f34f41
f14[f12, f34]
y21 −
f12f43f32
f23[f12, f34]
y22 −
f12f43
f23[f12, f34]
y2g23 +
f21f34
f14[f12, f34]
y1g14.
Thus, we must have f12 |
f12f43f32
f23[f12,f34]
, hence f12f43f32f21
f12f23[f12,f34]
∈ R, but f12f43f32f21
f12f23[f12,f34]
=
f12f43f31
f13[f12,f34]
. Then f13 |
f12f43
[f12,f34]
· f31, but [f13, f31] = 1, we have f13 |
f12f43
[f12,f34]
, reduce to
the second case. Hence, in any case, we have [f12, f34] = 1 or f24[f12, f34] | f21f34. ✷
Finally, we consider the symmetric algebra of the ideals generated by strong s-
sequences.
Theorem 4.8. Let f1, . . . , fn be a monomial sequence and I = (f1, . . . , fn). Suppose
that [fi, fj] | fk for all i < j < k. Then
(1) Sym(I) is Cohen-Macaulay of dimension m+ 1;
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(2) e(Sym(I)) =
∑n
i=2
∏i−1
j=1 deg(fji);
(3) When f1, . . . , fn have the same degree,
reg(Sym(I)) ≤ max
2≤i≤n
{
i−1∑
j=1
deg(fji)− (i− 2)}.
Proof . By assumption, f1, . . . , fn is a strong s-sequence. Then from 4.4(2) we
see that dim(R/Ii) = depth(R/Ii) = dim(R) − i + 1, i = 2, . . . , n. Hence, by [2,
Propositions 2.4 and 2.6], we have
dim(Sym(I)) = max
2≤i≤n
{dim(R/Ii) + i} = dim(R) + 1 = m+ 1
depth(Sym(I)) ≥ min
2≤i≤n
{depth(R/Ii) + i} = dim(R) + 1 = m+ 1
e(Sym(I)) =
∑
2≤i≤n
e(R/Ii),
and, when f1, . . . , fn have the same degree,
reg(Sym(I)) ≤ max
2≤i≤n
{reg(Ii)}.
Then Sym(I) is Cohen-Macaulay of dimension m + 1, note that from [3, Corollary
5.10] and the remark in front of it we can also conclude that depth(Sym(I)) ≥
depth(R) + 1. Since Ii is generated by the regular sequence f1i, . . . , fi−1,i, it is
well-known that
e(R/Ii) =
i−1∏
j=1
deg(fji),
reg(Ii) ≤
i−1∑
j=1
deg(fji)− (i− 2),
hence
e(Sym(I)) =
n∑
i=2
i−1∏
j=1
deg(fji),
reg(Sym(I)) ≤ max
2≤i≤n
{
i−1∑
j=1
deg(fji)− (i− 2)}.
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